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Abstract 

We investigate some cylindrically symmetric nonstationary and non- 
static solutions of Einstein field equations. We first study some physical 
properties of a solution which can be considered as Kasner generalization 
of static Levi-Civita vacuum solution. Then we generalize this metric to 
include a solution where a space-time filled with null dust or a stiff fluid. 
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1 Introduction 

One of the most important differences of the spherically and the cylindrically 
symmetric vacuum solutions of General Relativity is that, according to the 
BirkhofT theorem, there is a timelike Killing vector in the spherically symmetric 
vacuum solution. Thus, it can be said that the spherically symmetric vacuum is 
necessarily static. However, the situation drastically changes when we consider 
the cylindrically symmetric systems since there is no analogue of Birkhoff's theo- 
rem in cylindrical symmetry. During the gravitational collapse of a cylindrically 
symmetric system, gravitational waves can be emitted and the exterior region 
of a collapsing cylindrical body is not static P^. This fact has important con- 
sequences in the studies of gravitational waves, cosmological models, quantum 
gravity and numerical relativity. 

If d z and are the axial and the angular Killing vectors describing cylin- 
drical symmetry, then the most general cylindrically symmetric nonstationary 
metric can be written in the canonical form as 

dg 2 = e 2(K-U) { _ dt 2 + dr 2 } + e 2U dz 2 + ^2^2^ (1) 

where K, U and W are the functions of r and t in general. Here r is the radial, 
t is the time, z is the axial and <f> is the angular coordinate with the ranges 
< r < co, — oo < z, t < co, < 4> < 2tt. 
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The static solution of the metric (JIJ represents the exterior gravitational 
field of a general static cylindrical line source and was found by Levi-Civita in 
1919 0: 

ds 2 = -p is dt 2 + p^ 2s - x \dp 2 + dz 2 ) + oV* 1 " 2 *^, (2) 

where here s and a are constant parameters. These parameters in general can- 
not be removed by a coordinate transformation if <j> is an angular coordinate. 
Research on this solution was mainly focused on the understanding of these pa- 
rameters and finding physically acceptable sources generating this metric since 
in order to understand the meaning and the behaviour of the metric parameters 
s and a, one may need to match it with an interior solution. Static cylinders 
0] and cylindrical shells |S] have been constructed as a source of this metric. 
Shells composed of various matter sources satisfying some energy conditions for 
certain ranges of s have also been studied |Hj ■ The parameter s is related to the 
energy density of the source and a is an angular deficit parameter. 

The nonstatic vacuum solutions of Q have also been studied extensively. 
They have important consequences on cosmology, gravitational waves and also 
on quantum gravity. For a discussion of these solutions we refer to the book of 
Stephani et. al. [5]. 

Furthermore, the time dependent cylindrically symmetric nonvacuum solu- 
tions of Einstein equations were studied for different cylindrical systems. An 
expanding cylindrical radiation filled universe , a radiation universe with heat 
and null radiation flow [SJ, nonstatic cosmic strings with a time dependent vac- 
uum exterior j^J^l^J, nonstatic global strings are some examples of such 
solutions. Some of these solutions have an interesting property that their exte- 
rior vacuum solutions correspond to some particular values of the parameters 
the Levi-Civita metric having also a Kasner type time dependence. This fact 
motivates us to study the Kasner generalization of the Levi-Civita solution with 
the full range of its parameters. Thus in this paper, we will study the proper- 
ties of cylindrically symmetric time dependent vacuum solutions in Kasner form. 
This solution can be considered as a Kasner generalization of the Levi-Civita 
(LC) solution since for every constant time slice it reduces to the LC solution. 
These kind of generalized Kasner solutions having more than one variable are 
well known and studied by different authors |13) . This solution is also equivalent 
to the Einstein-Rosen soliton wave solutions m] by a coordinate transforma- 
tion. Although this solution is well known, we will establish a direct relation 
between the parameters of the LC solution with the parameters of its Kasner 
generalization. We will also perform a detailed comparison of the LC solution 
and its nonstatic Kasner generalization by studying their singularity behaviour, 
geodesic structure and radial acceleration of test particles in these spacetimes. 

We also extend our discussion into some nonvacuum generalizations of this 
solution. Since the gravitational collapse of a physically reasonable source is 
one of the main topics in general relativity, the cylindrical collapse is studied 
extensively in the literature (II El- ^he radiating Levi-Civita space-time |16) . 
a space-time filled with a radially oriented null radiation in an otherwise empty 
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static background is generally employed in these concerns and others ^7J , since 
this metric can represent the exterior region of a collapsing cylindrical body. 
However, since there is no analogue of Birkoff theorem in cylindrical symmetry, it 
might be reasonable to discuss a nonstatic generalization of this radiating Levi- 
Civita solution. We also present a nonstatic stiff fluid as an another example of 
this form. 

The paper is organized as follows. In the next section we present the Kasner 
generalization of the LC solution. In the section (III) we discuss some physical 
properties of this solution. The Section (IV) discusses the radiating generaliza- 
tion of this solution and its some physical properties. In the Section (V) we 
present a solution representing a universe filled with a nonstatic isotropic stiff 
fluid. Lastly, we give a brief conclusion. 

2 Levi-Civita-Kasner Solution 

Let us consider the following ansatz for the functions of the metric (QJ: 

W = a(ar + c 2 )(c 3 £ + a), (3) 
U = kln(cir + c 2 ) + qln(c 3 t + c 4 ), (4) 
K = k 2 ln(cir + c 2 ) + q 2 hi(c 3 t + c 4 ), (5) 

where k, q, a and Cj's are constants. Here, when c 3 = 0, C4 7^ 0, c\ 7^ we get 
the Levi-Civita solution of the form: 

ds 2 = r 2 ^~ k \-dt 2 + dr 2 ) + r 2k dz 2 + a 2 r 2 ^ dtf (6) 

where we have rescaled the coordinates r, t and z. One can recover the conven- 
tional form of the LC solution J5J by applying the following coordinate trans- 
formations: 

R = —, R = ^, « = k 2 - k + 1, S = As 2 - 2s + 1, s = k (7) 
K 2(k — 1) 

When we choose C\ = 0, c 2 7^ 0, c 3 7^ the solution reduces to well known 
vacuum Kasner solution: 

ds 2 = t% 2 -«)(-dt 2 + dr 2 ) + t 2 "dz 2 + t^-^dcf, (8) 

where q is a real constant. For this case the coordinates can be thought of as 
the Cartesian coordinates. The coordinate transformation t' = (Qt)Q _1 puts 
the Kasner solution in its familiar form as |19j : 

ds 2 = -dt 2 + t 2a dr 2 + t 2b dz 2 + t 2c d(/) 2 , (9) 

where we have again rescaled the metric, removed prime for clarity and a — 
(q 2 — q)Q~ x , b = qQ^ 1 , c = (1 — q)Q^ 1 with Q = q 2 — q + 1. Kasner solution 
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corresponds to an anisotropic homogenous cosmology. Here the constants a, b, c 
satisfy the Kasner constraints: 

a + b + c= 1 = a 2 + b 2 + c 2 . (10) 

Also, for ci = C3 = and others nonvanishing we get flat Minkowski space- 
time. Notice that ci and C2 cannot vanish simultaneously in Same is true 
also for C3 and C4. 

If one calculates the Ricci tensor of the metric ©, the only nonvanishing 
term is: 

R01 = -c lC 3(-l + fc 2 -2fc g +g 2 )( Cl r + C2 )(- 1 + 2fc - 2fe2 )( C3 i + C 4) ( - 1+29 - 2 '' 2) . (11) 

Here we see that when c\ or C3 vanish we have a vacuum solution as it should 
be. Assuming they do not vanish, equating (|llfl to zero we get q = k ± 1 
which results (Hereafter we choose c 2 = C4 = and we absorb C\ and C3 in the 
coordinates r, t, z by redefining them) : 

dg 2 = r 2(fe 2 -fc) f2 ((/ : +e) 2 -fe-e) ( _^2 +dr2) 

+r 2k t 2(k+e) dz 2 + p2 r 2{l-k) ^(l-fc-e) # 2 > (J2) 

with e = ±1. Thus, we have obtained the desired Kasner generalization of the 
LC solution, where we can call it as Levi-Civita-Kasner space-time (LCK). It is 
better to express them with the Levi-Civita parameter since we want to compare 
them with the static solution. The transformations: 

R = r K k~\ t = Q-h Q , k = 2s/(2s - 1), Q = (k + e) 2 - (k + e) + 1, (13) 

leads to the following metric: 

ds 2 = -R 2D dr 2 + T 2A dR 2 + R 2E r 2B dz 2 + a 2 R 2F r 2C d^ 2 , (14) 

where we again rescaled the coordinates r, R, z, absorbed all constant into a 
and 

H = e(As 2 -l) + {l-2s) 2 1 A=|±|, (15) 
(2s-l)(2 3 + £ (2 3 -l)) (l-2s)(l + 6(2s-l)) 

B = sTh ' c = sTh ' (16) 

2s 2s(2s-l) l-2s 

D = T> E = ^-^^ = s ' (17) 

For any value of s we have in general two different solutions depending on 
e = ±1. These solutions are in the form of the generalized Kasner spacetimes 
[13) and the metric functions A, B, C and E, F, G satisfy the Kasner constraints 
separately: 

A + B + C = A 2 + B 2 + C 2 = 1, (18) 
D + E + F = D 2 + E 2 +F 2 = 1. (19) 
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The LCK solution l|12l) is also equivalent to Einstein-Rosen soliton wave 
solutions |141 [2] by a transformation: 



/ = \/T-yjT 2 -Q 2 , t = yT+VT 2 -g 2 (20) 
which puts the metric functions into the form: 

W = rt = g (21) 

U = Hn£>+|ln(T+ ^T 2 - g 2 ) (22) 

K = k 2 \ng + {ek + In (t + ^T 2 - g 2 ) - 1 ln((2VT 2 - /) (23) 

This transformation is valid only for t 2 > r 2 . For r 2 > t 2 we need the following 
transformation: 

r = v^+VT^, t=yJg-y/?=¥, (24) 

which gives: 

W = rt = T, (25) 
£/ = fclnT+|ln (g - ^ g 2 - T 2 ) , (26) 

# = fc 2 InT - (ek + ^ In - vV — T 2 ^ - i In (2^ - T 2 ) . (27) 

Here the first metric is not valid at g > T and the other is not valid at g < T. 
Then we need to extend one to join with the other. After achieving this, the 
resulting spacetime is the solution we consider in this article. Hence, the metric 
we discuss covers both regions. 



3 Some Physical properties of LCK solution 
3.1 NP Spin and Weyl Coefficients 

The static Levi-Civita metric is Petrov type I in general except it is flat for 
s = 0, 1/2 and it is Petrov type D for s = -1/2, 1/4, 1 (See da Silva et al in [3]). 
Let us compare with LCK spacetime. 

Here, using a NP tetrad, we will present the nonvanishing spin and Weyl 
scalars of this spacetime since in this formalism some of the curvature compo- 
nents have direct physical meaning |20) . The canonical form of the metric l|12fl 
is more appropriate for our purposes. We chose the NP tetrad as follows: 

ds 2 = 1 (g) n - m ® m, (28) 

V21 = e° + e 1 ,V2n = e°-e 1 , V2m = e 2 + ie 3 , (29) 

e° = r fe2 -¥ fe+e ) 2 - fc - £ dt, e 1 = r^-^+^-^dr, (30) 

e 2 = r k t k+t dz, e 3 = ar^t^-'dcf). (31) 
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For e = 1 the nonvanishing components of spin coefficients and Weyl scalars 
are: 



(1 + 2k) r + (1 - 2k) t _ (1 + 2k) r-(l-2k)t 
2 v / 2 r fc 2 -fc+i£fc 2 +fc+i ' ~~ 2\/2r k2 - k+1 t k2+k+1 ' 



(32) 



t — r t + r 

P ~ 2v / 2r fe2_fe + 1 t fe2 + fc + 1 ' ^ _ 2v / 2r fc2_fc + 1 t k2+k+1 ' 
= fc((l + fc)r + (l-fc)t) = fc((l-fc)t-(l + fc)r) 
2\/2r' £2 " fe + 1 t k2+k+1 ' 2\/2r' c2 " fe + 1 t k2+k+1 ' 

K = ^ = T = 7r = a = /3 = 0, (35) 
_ fc ((1 + k)(l + 2k) r 2 + 4(1 - k 2 ) rt + (1 - jfe)(l - 2k) t 2 ) 

*° = 2 r 2fe 2 -2fc+2 £2fc 2 +2fc+2 ' 

_ fc((l + fc)r 2 + (l-fc)t 2 ) 
2 2r 2,c2 " 2fc + 2 t 2fc2 + 2fe + 2 ' 

fc ((1 + *Q(1 + 2k) r 2 - 4(1 - k 2 ) r t + (1 - fc)(l - 2fc) t 2 ) 

4 2 r 2fe 2 -2fe+2 ^2fe 2 +2fc+2 ' ^ J 

This shows us that the LCK spacetime with e = 1 is again Pctrov type I in 
general except it is fiat for k = 0(s = 0) and k — > oo (s = 1/2). Also, since 
k = 0, 1 is geodesies but it is not affinely parameterized since 6 ^ except 
k = 0(s = 0). It also has expansion (— p ^ 0) and shear (\a\ ^ 0) but it is not 
twisting. 



we have 




(3 - 2k) r + (2k 


-l)t 


2V2r fc2 - fc+1 t k2 - 


-3fc+3 


t - r 




2V2r k2 - k+1 t k2 - 


-3fe+3 ' 


(k- !)((&- 2)r 


-kt) 



(2k-3)r+{2k-l)t 

' 2y/2r k ' 2 ~ k+1 t k2 ~ 3k+3 ' 
t + r 

2 v ^ r fc 2 -fc+l £/c 2 -3fc+3 ' 



(39) 
(40) 



^ -> (*-l)((2-*)r-fct) (41) 

2v / 2r fe2_fc+1 tfc 2 -3fc+3 ' ' 2v / 2r fe2_fc+1 t fe2_3fe + 3 ' 
K = ^ = r = 7r = a = /3 = 0, (42) 
_ (fc - 1)((6 - 7fc + 2fc 2 ) r 2 - 4fc(fc - 2) r t + k(2k - 1) t 2 ) 
— 2r 2 ' c2 " 2 ' c + 2 t 2 fe 2 -6fc+6 ' ( > 

9 = (k-mk-2)r 2 -kt) 
2 2r 2k2 - 2k + 2 t 2k2 ~ 6k + 6 ' 

_ (fc - 1)((6 - 7k + 2k 2 ) r 2 + 4k(k -2)rt + k{2k - 1) t 2 ) 
4 — 2r 2fc2 - 2fc+2 t 2k2 ~ 6k+6 ' 

Thus, LCK with e— —1 is also Petrov type I in general except fc = 1 (s — > oo) 
and fc — > oo(s = 1/2) where it is flat. Again, the vector 1 is geodesies but not 
affinely parameterized except fc = 1. Also, it has nonvanishing expansion and 
shear but it is not twisting. Thus, the LC and LCK solutions have common 
Petrov types in general, but they differ for some particular values of the param- 
eter s. 
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3.2 Singularity Behaviour 

The Kretschmann scalar JC = R a t, c dR abcd of the metric (|14|) are 

if {I- Asfr- %s /^- 2s+4s2 ^ f8s(l-4s)/(l-6s+12 S 2 ) 



JC = 64s z (l-2s) 



x (1 - 6s + 12s 2 )^ 4 (l-2s + 4s 2 ) r 4 

2(1- 4s) 2 7 .- 4 - s /( 1 - 2s + 4 - s2 ) ^4s(l-46')/(l-6s+12s 2 ) ' 



(e=l), (46) 



JC = 64 (1 - 2s) 



(1 - 2s + 4s 2 ni - 6s + \2s 2 Y r 2 t 2 

' ' fg — 1)2 r -8s/(l-2s+4s 2 ) s 2 ^4(l-2;s) 2 /(3-6s+4s 2 ) 



2 I 



(3- 6s + 4s 2 )3t4 (1 - 2s + 4s 2 )r 4 i 4 

8S 2 (S - l) 2 r 4s/(l-2s+4s 2 )^2(l-2s) 2 /(3-6s+4s 2 ) ' 



(3 - 6s + 4s 2 )(l - 2s + 4s 2 )r 2 i 4 



(e = -l). (47) 



We see that, this spacetime has singularities as in the static case. It is well 
known that the static Levi-Civita spacetime is singular at r — 0, except for 
s = 0, s = ±1/2 and s — > oo. For these values of s, the solution is regular 
and flat. If one compares the static solution with the nonstatic solutions, one 
realizes that there are similarities and differences. For e = 1 only when s = or 
s = 1/2, the solution is locally flat. For other cases, there are singularities. For 
s = 1/4 we have a singularity at r — whereas for s — * oo we have singularity 
at t = 0. For all other values of s we have singularities at both r = and 
t = 0. When e = — 1 the situation is also different. For this case when s = the 
solution is not locally flat but contains a singularity at t = 0. There are locally 
flat solutions when s = 1/2 or s — * oo. For s = 1 we have a singularity at r = 0. 
For other values of s we have both line and big-bang singularities. 

As we have mentioned, for s = and s = 1/2 static Levi-Civita solution J3J 
is flat. Corresponding solutions for e = ±1 are: 

ds 2 = -dr 2 +dr 2 +r 2 dz 2 +a 2 r 2 d<j) 2 , (s = 0, e = 1), (48) 
ds 2 = -dr 2 + r^dR 2 + r- 2 / 3 dz 2 + a 2 i? 2 r 4 / 3 # 2 , (s = 0, e = -1), (49) 
ds 2 = -R 2 dr 2 +T 2 dR 2 +dz 2 + a 2 d(j) 2 , (s = 1/2, e = ±1). (50) 

Here the first and third metrics are flat whereas the second one is curved. 
The first and third metrics can be put into standard Minkowski form with a 
suitable coordinate transformation. The first solution is presented in [Hj as a 
possible nonstatic exterior solution corresponding to a nonstatic string. Also, 
the second solution (|49|) was introduced in 111! I12j as an exterior vacuum 
solution to their interior nonstatic stringlike cylindrical source. It is not singular 
at r = but has a big bang singularity at t = since its Kretschmann scalar 
is JC ~ t~ A . Thus, for some specicif values of parameters, the LCK solution 
reduces to some previously known solutions. 
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3.3 Radial acceleration of test particles 



The radial acceleration of a free test particle at rest in the coordinate system of 
l|14|) is given by: 

dr 2 RT 2A ' [ ' 

The radial acceleration in the static Levi-Civita spacetime can be found by tak- 
ing A = 0. For the Levi-Civita spacetime, when the parameter s is positive, the 
axis is attractive and when s is negative, the axis is repulsive. For a particle in a 
constant radius, the magnitude of the acceleration is increasing with increasing 
s when < s < 1/2, and decreases with increasing s when s > 1/2. For s = 0, 
no radial force is exerted on a particle at rest. For nonzero s, when the radial 
distance increases, radial acceleration decreases. 
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Figure 1: The radial acceleration of a particle at r = 1, t = 3 for the static Levi- 
Civita and Levi-Civita-Kasner spacetimes with e — ±1. Dotted line represents 
static Levi-Civita spacetime, the solid line represents the solution with e = 1 
and dashed line represents e = — 1 case. 

As in the Levi-Civita spacetime, for the Levi-Civita-Kasner spacetimes <|14fl 
when s positive the axis is attractive and when s negative the axis is repulsive. 
And also when s = 0, no radial acceleration is felt by a particle at rest. However, 
since the solution is time dependent, the behaviour of acceleration is changing 
with time. A typical behavior for t — 3 can be seen in Figure^] Here, for e = 1 
the magnitude of acceleration increases with increasing s up to s ~ 0.17, then 
it starts to decrease sharply up to s ~ 0.3, and then it decreases monotonically 
with increasing s. For e = — 1 situation is different. It increases monotonically 
up to s = 1/2 then increases more sharply up to s = 3/2 then starts to decrease 
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with increasing s. When the time evolves, the radial acceleration is getting 
stronger for certain ranges of s and out of this range, particle feels very tiny 
force. For e = 1 this range is in between and 0.2. For e = — 1 the situation is 
reverse. For small s particle feels very small force. The region where acceleration 
is very strong is near s ~ 1. For other values of s a test particle feels very tiny 
radial force on it. 

An important difference between LC and LCK spacetimes is that for s = 
1/2 the radial acceleration of test particles becomes maximum for LC metric. 
This fact has been discussed in previous studies of LC metric since when the 
parameter s increases the energy density increases for < s < 1/2 but decreases 
for s > 1/2. This fact suggested that the parameter s is somehow related 
with the energy density of the source but not proportional to it. For the LCK 
spacetime the maximum value of the radial acceleration is different than 1/2 
(Fig. Q). Thus they have different gravitational fields. 



3.4 Circular geodesies 

Here we study the equations of a test particle following a circular geodesies in 
the spacetime (|14f) . The circular geodesies in the LC spacetime is discussed in 
detail by da Silva et. al.|3|. 

Let us denote the angular velocity of a particle moving along a geodesies 
as u = d(j)/d,T and its tangential velocity as W 1 = (0,0,0, W^) with W 4, = 
uj/yt—gu, then we have (here r is the time coordinate, not the proper time and 
dot represents derivation with respect to an affine parameter rf): 

2D + R 2F r 2C {^j , (52) 

D i? 2(D-F) T -2C j (53) 




a 2 F 



Then, 



f = -C^R^-^t 20 - 1 ^ 2 , (54) 
r = 0, z = 0. (55) 



9 D 

W 2 = -. (56) 



F 

Replacing this into the first and the third equations, we get 



dr t 

T = 



drj T cVw 



(58) 



Thus, the circular geodesies are timelike for W < 1 (s < 1/4), spacelike for 
W > 1 (s > 1/4) and null for W — 1 (s=l/4). We have the same conditions 
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with the static Levi-Civita spacetime. Thus the time dependence does not affect 
the circular geodesies. Also, as in the static case, for a given s the tangential 
velocity of a particle is constant. The only difference between LC and LCK 
spacetimes that is d T is not a Killing vector for LCK spacetimes. This does not 
affect the dependence of the character of the circular geodesies to the parameter 
s, although they have different gravitational fields, since f is not constant for 
this metric and also since the previous section suggests. 



4 Radiating Levi-Civita-Kasner space-time 

It is well known |181 E] that for any Einstein- Rosen wave solution with (K = 
K , U = Uo, W = Wo) solving vacuum Einstein equations for this metric, there 
is a corresponding radiative solution (K — F(r — t) + K , U = Uo, W = Wo) 
satisfying: 

= 77 k M k„ (59) 

where k M is a null vector satisfying k^k^ 1 = and r\ is energy density of the pure 
radiation (null dust). Using this property we can easily construct the Kasner 
generalization of radiating Levi-Civita solution. For the functions Kq, Uo, Wo 
we will use the functions K, U, W of LCK solutions, namely have the metric: 

K = F(r -t) + k 2 In (c x r + c 2 ) + q 2 In (c 3 t + c 4 ) 
U = fcln (cir + c 2 ) + q\n (c 3 t + c 4 ) 

W — a(ar + c 2 )(c 3 t + C4) (60) 
q = k + e, e = ±1, 

which arc solutions of (|59|) with the energy density: 

= (c 2 c 3 - ci(c 4 + c 3 (t - r)))F 
V (cir + c 2 )(c 3 t + c 4 ) 

Notice that both c\ and c 2 cannot vanish simultaneously. This is also true for 
C3 and c 4 . When F = const, this solution reduces to the LCK spacetime. Also, 
when we take C3 = c 4 ^ we get the radiating Levi-Civita solution of the 
form: 

dg 2 = e 2F r 2(k*-k) { _ dt 2 + dr2) + r 2k dz 2 + ^2(1-*=)^ (g2) 

The energy density is 

»? = -- (63) 
r 

To have a positive energy density, here we need F < 0. Also for c\ = c 2 ^ 
we get the radiating Kasner solution with the metric: 

dg 2 = e 2F(t-r) t 2(ki-k) { _ dt 2 + ^ + ^2 + (2(1-*)^, ( 64 ) 

For this radiating Kasner solution it is better to think the coordinates as the 
Cartesian coordinates. This metric describes a pure radiation moving in the r 
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direction in the Kasner spacetime. The energy density is the negative of the 
Levi-Civita case and F must be positive in order to have positive energy density 
since for this case 



At t = this metric has a Kasner type cosmological singularity except fc = 
and k = 1. 
If we have 

c 2 c 3 - cic 4 > 0, cic 3 (r - t)F > 0, F > 0, (66) 

or 

c 2 c 3 - cic 4 < 0, cic 3 (r - t)F < 0, F < 0, (67) 

in (|61|l then the energy density of the solution (|60|l is positive. 
For example the following choice 

c 2 = c 4 = 0, ci = c 3 = 1, F = -a(f - r)", n = 1, 2, 3..., (68) 

where a > is a constant leads to positive energy solutions when n is even. 

This spacetime ()60|l contains in general a Kasner type cosmological singu- 
larity at t = Q and also it is singular at the axis (We take C2 = C4 = in (JSUJ). 
The spacetime is not singular for the particular values of the parameters e = 1, 
fc = and e = — 1, k = 1. The cosmological singularity seems to unavoidable 
but if one is able to find a regular interior radiating solution containing the 
symmetry axis, then we can avoid having a line singularity at r = since our 
solution could be an exterior solution of a radiating nonstatic cylindrical source. 
The spacetime is well behaved for t > and r > 0. 



4.1 Some properties of the solution 
4.1.1 NP coefficients 

Here we analyze Ricci and Weyl scalars of the metric l|60|l using a null tetrad. 
For e = 1 we have the spin coefficients: 

(t - r)F' , N 

$00 = \ — 2 (69 

2F r 2k 2k + 1 t 2k + 2k + 1 

1r = (fc((l + fc)(l + 2k)r 2 - A(k 2 - l)rt + (fc - l)(2fc - l)t 2 ) (70) 

- ((1 + 2fc)r + (1 - 2k)t)2rtF')/(2e 2F r 2k2 ~ 2k+2 t 2k2+2k+2 ) (71) 
= fc((l + fc)r 2 + (l~fc)f 2 ) 

2e 2F r 2fc 2 -2fc+2 £2fc 2 +2fc+2 \ > 

_ fc((l + fc)(l + 2fc)r 2 + 4(fc 2 - l)rt + (fc - \){2k - l)t 2 
4 ~ 2e 2F r 2fc2 ~ 2fc + 2 t 2k ' 2 + 2k + 2 ' 

This shows that only for e = 1 case, for fc = 0, ^2 and ^4 vanishes and the 
spacetime is Petrov type D. For other values of fc, ^2 and \l/4 is nonvanishing 
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and Petrov type is I. For e = 



— 1 we have: 



$ 00 = £zl)g (74) 

uu e 2F r k 2 -2k+l £2fc 2 -6fc+5 ' 

*o = ((& - l)((ft - 2)(2fc - 3)r 2 - 4ft(ft - 2)rt + ft(2ft - l)i 2 ) (75) 
- ((2ft - 3)r + (1 - 2k)t)2rtF')/(2 e 2F r 2k2 - 2k + 2 t 2k2 - 6k + 6 ) (76) 
9 = (k-l)(k-2)r 2 ~kt 2 

2 e 2F r 2k 2 -2k+2 f2k 2 -6k+6 ^ 1 

_ (ft - l)(fc - 2) (2ft - 3)r 2 + 4fc(fc - 2)rt + ft(2ft - l)t 2 
* 4 — 2 e 2F r 2fc2_2fe + 2 i2fe 2 -6fc+6 ' ( ) 

For the e = — 1 case, ^o, ^2 and ^4 is nonvanishing and the spacetime is 
Petrov type I except for k = 1 where ^2 arid "J 4 is vanishing and the spacetime 
is Petrov type N. 

4.1.2 Radial acceleration of test particles 

The radial acceleration of a test particle initially at rest in a constant radius in 
the spacetime (|60f) is given by: 



(k-k 2 )^ 1 - F' 

pFj,k 2 —k jjq 2 —q 



(79) 



If we compare (1791 with the LCK metric, we see that the main difference is the 
term ~ F' which characterizes the null radiation. When the F' is positive, the 
axis is more attractive whereas when it is negative, the axis is less attractive. 
Thus, the presence of null dust may alter the particle motion. 

4.1.3 Circular geodesies 

Let us study the equations of a test particle following a circular geodesies in the 
spacetime (|6(J[) . Let us denote the angular velocity of a particle moving along a 
geodesies as w, then we have: 

_ (k 2 -k)r-i+F> 

(l-fc^r 2 * 2 - 1 ^ 2 -!)' [ ' 



which results 



ds\ 2 fk 2 -k + rF' 



-l)e 2i V( fe2 - 2 )^ 2 -9). (81) 



dt J V 1 - k 

Thus, the circular geodesies are timelike if the expression inside the parentheses 
is negative, null if it is zero and spacelikc if it is positive. For the Levi-Civita 
and LCK metrics the ranges of k where the geodesies are timelike, spacelike 
or null are the same. However, here we have extra terms proportional to r F' 
and they are in general depends on time and the radial coordinate. This might 
have some consequences on particle motion. For example, when time passes, a 
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particle following a circular geodesies may not continue to its motion since such 
geodesies become spacelike. Also for a given k, the circular geodesies might be 
restricted to a certain radius. Hence, The presence of the null radiation clearly 
affects the dependence of these ranges to the parameter k. 



4.2 A Radiating nonstatic string-like object 

Using the property of the Einstein- Rosen type solutions, we can construct ex- 
amples of interior solutions having a nonstatic radiating object with a cosmic 
string like equation of state and generating outer radiating spacetime for par- 
ticular values of the parameters k and q . The interior and exterior metrics are 
given by: 



(e^-^i-dt 2 + dr 2 ) + A{rf d4> 2 ) +r 2 dz 2 , (82) 
(e 2F ^ l \-dt 2 + dr 2 ) + a 2 r 2 dd?) + r 2 dz 2 , (83) 
with the energy momentum tensor: 



ds 2 _ = t 4 
ds 2 + = t 4 



T^-=T$_+T$_, = rj+k^k,,, (84) 

T$_ =K V -k fl K, *„ = (1,1,0,0) (85) 

T° i s) =T Z Z { _ S) =- K fi (86) 

(tA'-A)F' -A" (t-r)F' 

In these solutions, the interior and exterior metrics can be smoothly matched 
if the metrics and their first derivatives are continuous on the boundary of the 
stringlike object. Since we have chosen same inner and outer coordinates, this 
can be fulfilled if A(ro) = aro and A'(ro) = a. These are called Lichnerowicz 
boundary conditions (23 an d can be satisfied for the present case easily. For 
example if we choose A(r) = sin(6r) then the junction conditions yield: 

a = sin(6r ), r — tan(6r )/fc (88) 

which can be easily satisfied since we have more parameters than equations. 

Here the problem of these solutions is that, unlike fi, it seems that it may be 
impossible to to be positive for all ranges of r and t. However, we can avoid 
negative energy density if we limit the r and t ranges with limited values where 
7/_ > 0. Then, the solution can represent a radiating nonstationary cosmic 
string like object emitting null radiation. 

5 A Stiff Fluid of generalized Kasner form 

Let us consider the following metric: 

ds 2 = r 2 { e-k) t 2(f- q +a) { _ dt 2 +dr 2 )+r 2k ^2 + p2 ^(l-g)^ 
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which deviates from LCK solution by a parameter a. For a = —k 2 — q 2 + 2kq+l 
we have a nonstatic stiff fluid with the equation of state 

- G% = G\ = G\ = G^ = a r Ak^) t 2 (q - q --a-i)^ (go) 

When a — > we recover the LCK solution. This solution has the similar sin- 
gularity behavior as the LCK metric and it is singular in general at r = and 
t = 0. For a special values of k, q we can avoid the singularity at the axis. For 
example for k = q — we have a — 1 and the metric becomes 

ds 2 = t 2 (-dt 2 + dr 2 + r 2 d(/) 2 ) + dz 2 , (91) 

with 

- G° = G\ = G\ = G\ = r\ (92) 

This metric describes a cosmological solution where at t = we have a big bang 
singularity, the Kretchman scalar is K ~ t 8 , then we have an universe filled 
with an isotropic stiff fluid with the equation of state p = p. Since the energy 
density goes with t~ 4 , for large t the it becomes negligible at late times and 
practically at (t — * oo) we get vacuum universe. 

6 Conclusions 

In this paper we have first investigated some physical properties of the nonstatic 
vacuum solutions in cylindrical coordinates with Kasner type time dependence. 
They can describe the exterior regions of nonstatic line sources and nonstatic 
straight strings 0-^21 having nonvanishing gravitational potential. For each 
constant time slice they reduce to the Levi-Civita metric. For each Levi-Civita 
parameter, s, there are in general two corresponding nonstatic vacuum solution 
of this form depending on e = ±1. We have studied some physical properties 
of this space-time and compared with the static Levi-Civita spacetime. This 
metric is in the form of generalized Kasner solutions studied before [T3J. Also, 
by a coordinate transformation, it reduces to Einstein- Rosen soliton waves |14| . 
We have discovered some differences and similarities between LC and LCK 
spacetimes. We believe that the form of the metric (|14[1 is suitable for future 
applications. 

Next, we generalized the discussion to a cylindrical nonstatic metric corre- 
sponding to an exterior atmosphere of a cylindrical radiating nonstatic source 
having generalized Kasner type metric. The atmosphere has an outgoing radial 
pure radiation as well as incoming and outgoing gravitational radiation. For 
some special cases of our parameter k, these solutions reduce to the exterior 
field of the radiating nonstatic cosmic string-like objects. 

Finally, we have presented a stiff fluid solution by a small deviation of g u 
component of the metric from LCK spacetime. This solution is also nonstatic 
and nonstationary and it is another sign off richness of cylindrically symmet- 
ric sources of general relativity together with the previous solutions we have 
discussed. 
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